A model is proposed for describing the penetration of a monolithic semi-infinite and finite FRP laminates struck transversely by a rigid projectile with an arbitrary 3-D shape. Relationships for calculating the characteristics of penetration and perforation (ballistic limit velocity, depth of penetration, etc.) are derived. It is showed that some typical problems of optimization of the shape of the impactor for finite-thickness and semi-infinite shield can be reduced to the same variational problem. An advantage of a 3-D conical impactors over conical impactors having the shape of body of revolution is predicted using the suggested model. Ó
Introduction
Some recent results and reviews on shape optimization of impactors penetrating into homogeneous shields can be found in [1] ; shape optimization problems for ductile multi-layered shields are investigated in [2, 3] . Semi-empirical model for predicting penetration and perforation of monolithic fibre-reinforced plastic (FRP) laminates struck normally by projectiles with several kinds of nose shapes is proposed in [4, 5] . This model is generalized in [6] to arbitrary bodies of revolution, and the generalized model is applied to impactor's shape optimization in the case of perforation of finite-thickness FRP laminates using analytical methods. In [4] [5] [6] it is showed that the suggested models are in good agreement with the experimental data. In this study this approach is generalized for arbitrary 3-D impactors penetrating into a finite-thickness and semi-infinite shields.
Description of the model
Consider a normal penetration of a rigid 3-D striker into an FRP laminate with a finite thickness ( Fig. 1(a) ) or into a semi-infinite FRP laminate ( Fig. 1(b) ). The notations are shown in Fig. 1(a) and (b) . The coordinate h, the depth of penetration, is defined as the distance between the nose of the impactor and the front surface of the shield. The cylindrical coordinates x; q; h are associated with the impactor. The part of the lateral surface of the impactor between the cross-sections x ¼ v 1 and x ¼ v 2 (0 6 h 6 L þ b) for a shield with a finite thickness b (see Fig. 2 (a)), and x ¼ 0 and x ¼ v 2 for a semi-infinite shield (see Fig. 2 (b)) interacts with the shield (see Fig. 2 (a) and (b)), where
Generally, the impactor can have a planar bluntness that interacts with the target while this bluntness moves inside the target.
As a base we used the model suggested in [4, 5] where it is assumed that the local pressure r applied normally to the surface of the projectile by an FRP laminate material during penetration by an impactor can be represented as
where c sh and r e are the density and the quasistatic linear elastic limit of the material of the shield, respectively, v imp is the impact (initial) velocity of the impactor, b is a constant which is determined empirically. Formulas for calculating b as a function of geometrical parameters of the impactor are presented in [4, 5] for several typical shapes of bodies of revolution; in particular, b ¼ 2 sin a for a conical-nosed impactor where a is the half angle of the apex of the cone. Let us generalize this model for the projectile that is an arbitrary 3-D body using the localized impactor-barrier interaction theory (LIT) [7] [8] [9] . The principal elements of the LIT are so-called localized interaction models (LIM) whereby the integral effect of the interaction between a host medium and a moving projectile is described as a superposition of the independent local interactions of the projectile's surface elements with the medium. Every local interaction is determined by the local geometric and kinematic parameters of the surface element (primarily, by the angle between the velocity vector and the local normal vector to the projectile surface) as well as by some global parameters which take into account the integral characteristics of the medium (e.g., hardness, density, etc.). The localized interaction approach is very attractive for investigating problems of impact dynamics since it enables relatively easily to describe the projectile-medium interaction taking into account the impactor's shape and to simulate motion of the impactor in a shield.
Let us rewrite the expression for b for a conical impactor in the following form:
whereñ n 0 is the inner normal vector at a given location at the impactor's surface,ṽ v 0 is a unit vector of the velocity of the impactor, t is the angle between the vectorñ n 0 and the vector (Àṽ v 0 ); in the case of normal impactx x 0 ¼ Àṽ v 0 , wherex x 0 is an unit vector at the corresponding axis. In order to generalize the model suggested in [4, 5] to an arbitrary 3-D impactor we assume that Eqs. (2) and (3) describe interaction between the shield and the impactor with an arbitrary shape at a given location at the impactor's surface which is in contact with the shield. Then the force dF F acting at the surface element dS of the impactor is as follows:
The total forceF F is determined by integrating the local force over the impactor-shield contact surfacẽ
where S nos is the surface of the nose bluntness of the impactor, S lat is the part of the impactor's surface which is in contact with the shield,
for a shield with a finite thickness, and
for a semi-infinite shield. In the following, we employ formulas of differential geometry 
where subscripts x and h denote derivative with respect to the corresponding argument and function Uðx; hÞ determines the impactor's shape (see Fig. 1 (a) and (b)). Using Eqs. (4), (5) and (8) the following expression for the drag force D can be derived:
where sðxÞ is the cross-sectional area of the impactor as a function of the coordinate x (0 6 x 6 L),
Since the tangential component of the force is zero, the presence of the cylindrical part at the rear side of the impactor's nose does not influence the drag force. The equation of motion of the impactor with the mass m reads
where v ¼ vðhÞ is the velocity of the impactor. Solution of Eq. (11) with the initial condition vð0Þ ¼ v imp is as follows:
Shield with a finite thickness
The ballistic limit velocity is considered as a characteristic of perforation for a shield with a finite thickness. This parameter, v Ã , is defined as the initial velocity of the impactor required to emerge from the shield with a zero velocity.
We now use the following identity which is valid for any function (see Fig. 2 (a)):
Using identity (14) we can write
Using Eqs. (9), (15) and (16) and equation
one can rewrite Eq. (13) for determining v Ã as follows:
Taking into account the relationship between mass of the impactor m, its volume V and density of the material of the impactor c imp , m ¼ c imp V , and using dimensionless variables x ¼ x=L; U ¼ U=L, Eq. (18) can be written as
Solution of Eq. (19) yields a formula for the ballistic limit velocity
where
Semi-infinite shield
Depth of penetration h Ã is defined as the value of the coordinate h for which the velocity of the impactor is 0.
Substituting
We now employ the following identity which is valid for any function WðxÞ (see Fig. 2(b) )
Using identity (27) one can rewrite Eq. (26) as follows:
Solution of Eq. (26) can be represented as follows:
where function u is defined by Eq. (25). When the impactor's shape is knownK K 1 andK K 2 are the increasing functions of h Ã . In its turn, u is the increasing function of each of its arguments. Therefore u is an increasing function of h Ã and, in principle, there exists an inverse increasing function h Ã ¼ wðv imp Þ. Let us show that this function can be constructed in analytical form for the stage of motion of the impactor when h Ã P 1.
Let v 
and Eq. (28) considered as an equation for h Ã yields
Conical impactors

General formulas
For 3-D conical impactor, function Uðx; hÞ is, generally, of the following type:
Uðx; hÞ ¼ ðk 0 þ k 1 xÞnðhÞ;
where dimensionless function nðhÞ determines the shape of the impactor in the cross-section x ¼ 1. Substituting Eq. (39) into Eqs. (21)-(23) yields for the shield with a finite thickness:
and Eq. (24) for ballistic limit velocity remains as before with K 1 and K 2 given by Eq. (40).
In the case of a semi-infinite shield expressions forK K 1 andK K 2 can be obtained by substituting Eq. (39) into Eqs. (30)-(32)
and Eq. (34) remains as before withK K 1 andK K 2 given by Eq. (43). In the particular case of a sharp 3-D cone k 0 ¼ 0. Then the following simplified formulas follow from Eqs. (40) and (41) for a finite-thickness shield:
The simplified relationships for a semi-infinite shield can be obtained from Eqs. (43) and (44)
In this case DOP h Ã as a function of the impact velocity v imp can be represented in the analytical form. Solving Eq. (34) withK K 1 andK K 2 given by Eq. (46) for h Ã we obtain
Some optimal properties
Consider the following variational problem for a finite-thickness shield: to determine the contour of the impactor that provides the minimum v Ã for given l; L 0 ; k 0 . Eqs. (24), (25), (40) and (41) show that this problem is reduced to the minimization of the functional I ¼ I½nðhÞ; k 0 whereas the change of l and/or L 0 does not involve the change of the optimum contour of the impactor.
Consider also the following variational problem for a semi-infinite shield: to determine the contour of the impactor that provides the minimum v imp for given l l; L 0 ; k 0 and DOP h Ã . Eqs. (25), (34), (43) and (44) show that this problem is reduced to the minimization of the same functional.
Consider at last the following variational problem for a semi-infinite shield: to determine the contour of the impactor that provides the maximum DOP, h Ã , for given l l; L 0 ; k 0 and v imp . Eq. (39) can be considered as the definition of the dependence h Ã vs. I. Let us differentiate Eq. (34) with respect to I taking into account Eqs. (43) and (44) and differentiability of gðh Ã Þ for h Ã > 0. After simple algebra we obtain
Eq. (50) yields that dh Ã =dI < 0. Thus the maximum depth of penetration is attained for givenl l; L 0 ; k 0 and v imp when the value of I is minimum. Therefore all the above-considered variational problems are reduced to the minimization of the same functional whereas the optimal solution is independent on the properties of the shield. Let us show that the proposed model predicts an advantage of 3-D conical impactors over the conical impactors having the shape of the body of revolution. Consider a star-shaped impactor the transverse contour of which comprises n identical segments (see Fig. 3(a) , n ¼ 4). The equation of the straight line boundary of a half-segment for 0 6 h 6 h 0 in polar coordinates r; h (in cross-section x ¼ 1) is r ¼ nðhÞ, where 
The notations are illustrated in Fig. 3(b) . Substituting Eq. (53) into Eq. (42) we obtain the expression for the integral I in a case of a star-shaped impactor
In the case of a conical impactor with radius of the base r 0 the value of the integral I can be obtained substituting
It can be early shown that among the cones with r 1 6 r 0 6 r 2 the minimum I cone is attained if r 0 ¼ r 1 . This cone is selected for comparison with a star-shaped impactor. After some algebra we obtain
where geometric considerations imply that k < 1, and in differentiation with respect to h 0 it is assumed that n P 3 can also have real values. Eqs. (57) and (58) show that
Thus always I star < I cone ; I star =I cone monotonically decreases with increasing the number of segments n and approaches arbitrary close to 0. Since I cone does not depend on n, the latter implies that I star can be made as small as desired by increasing n.
Concluding remarks
A model is derived for describing penetration of monolithic semi-infinite and finite FRP laminates struck transversely by a rigid projectile with an arbitrary 3-D shape. Formulas are obtained what can be used for predicting the penetration and perforation characteristics and for investigating various problems of optimization of shape of impactors and analysis of the protective properties of the shields. Some results demonstrating the promise of such investigations are presented. The existence of the ''universal'' 3-D conical impactors is established which are the optimal strikers against the finite-thickness and semi-infinite shields. An advantage of 3-D conical impactors over conical impactors having the shape of the body of revolution is predicted using the proposed model. Certainly, the experimental investigations for 3-D impactors are required in order to determine the range of validity of the suggested model and the results obtained with this approximate model.
